
 

G finite group
Gln GL Ch E

vector Space G

Matrix rep'n

R G Gln group homomorphism

Xp G character function

Xing Tv Mgl

C operates on V linearly
or V is a G repin
Gx V IV

Lg Dt g v

hi 19192 v g 1924 9 ge C G
TV

U2 l V V

2 3 g Vitry y V 1g vz V k EV

GLC V CY D CE f Vtv



f G Guv
4 Invertible linear transformation

buy

a gung Y
g v pig Iv

E 0,30 by choice of basis

If B th Vny is a basis of
V

then RB g is defined to be

the matrix of linear transformation

mg V V under basis 13
IT g v



gu Vn Cr rn Risky

I

gu in

h

E qq.lkb

Rg G i alla G

02.03 by choosing Ken

and g v Hgtv



Different choice of basis C hw way

µ why Lv Vn P

p n xn invertible

is PBA change of basis matrix

GCW i Wn wi Wh Rc

gu un D uh vs p Rigg

So gu 47 14 KI P12cg
T

P
so fkglgt ppccgj.pt

Prop Xp is well defined

sina.fr2gcg does not depend on

choice of basis



Pnp tf g ng z are in the same

conjugacy class then

Xp 19 Xp 192

Ex Sz Ds
R

rotation by 1200

y reflection with respect to X axis

I
my ly



Xa 1 1 1

Xmy or

V Vr rep'm of G

f V the linear isomorphism

if flg.us g firs then f is
called an isomorphism of G repens

Prop 4 fr are isomorphic and
choose 13 44 my 9 basis of 4
and 131 4fun fir a basis fuethen RB RBI Henn Xp Xp



Invariant subspace

4mW is invariant subspace if
g WEW tgth WEW

Prop gW w

Trick averaging Under G operation

ut V

w Eiga
then gw w V gtf

Gw is an invariant subspace



Direct sum i

External Wi Wz are the Vela spaces

W W W two 44 Wa wi C WyE
addition Wi Wu T Vi Vv

4 Watch
scalar multiplication c 4 rug Cr cm

Infernal Wi Wz C V subspaces

W Awa hey
W TWI S w Thr I wi CWig
V

tha V Wi Wa
I

Prep V W OI W then

V E W 0 Wa
Pnp V Wi Wa then V wT wi
WT G W 0114am WI fco.ws WaC tk4



I I 9

If W We are both G invariant

then V is a direct sum of
W W as G reph

Ex Sz operate on 63 by
f Ci loci life 97 Itasdacy

basis
W f liter es

W ly aei bertcesfatbtc.io

then Qb W We

Irreducible nepa

Defa If V has only trivial G isues.am
subspaces 504 V then Viscacha
irreducible f repin

Ex I dim't repens



Unity rap'n

If V is a G rep'n and

c 7 is a positive Hermitian form
definite

and Gv gw Cr w for all gfG

v WE V then we say
is unitary top'n

tfriunington to

W G invariant Wt is also G isuan.ca

Pnp is unitary then V is
the direct sum of irreducible

napsV W We i Wn

Pf If V is not irreducible



V has G invariant subspace
W dim W 70 diss WC V

S V W wt

and dim Wtc dimV

use induction bn dim

Chasohke's 7hm

Every Grey's V il the direct sun

of irreducible subspaces

If Every V is unitary reps
C y is a positive definite Hermit

form
Cr w7c E v gw

9th



then c 2 is preserved by G

gv gw G CV W
G



Orthogonal relations G I Ci
i 4

Ci
conjugacy classes

fl space of class faction C c

dim Her

4.45 77,417453
ftp.E.jiytgisycgi

Ci Gil Gi E Ci

Poop fi fi two reph's with characters
in

Xi Az lducisu

ex X yo tf RIP
I if f ER

isomorphismclasses ofThe number of ineducible rephs
r



Desoto by X Xu the c respond.mg

Characters

X Xr linearly independent
X Xr is

abasisof
x is irreducible if 1
X X 91.92 are in

the same

hittin Et

Xlg 4192hi X X for all character
X

f E f iff xp Xp

c Xp Xi ni



E idi I IG

x

Manx X

1
T i

XT id

XT I i

a



second orthogonal relations

I c.tl
E gµTj Fit is

orthogonal relations of 0 it jC lung vectors
rFirst column
Efdi q

G abelian group Ht n

r n I Idil n
i I

di I

1top G is abelian if all the

irreducible reports are 1 clinic



special example 21 32

E A h

X l I I ni

X L I w wz
W e

3

Xs l wi w

The product of any two characters is still

a character

Pnp If Xe is a l din't character

X is a character then X X is a

character of G

Pf P G 7 Guv

fo i G y G

check lip Ig pigs ptg is a guy
homomorphism and to of X Ig NgA



Pnp X is irreducible if X x is
irreducible

Pf a X X X X

fguxoiglxcgT.x.cgj.mg

Fyfe XM KY Nyt agg
L because

f G sua

IT Fu Ng

c X X



How to find character table for Sy

Sy 5 conjugacy classes
I 6 8 36l 12 123 127134

IzzyX l l l I
f l

trivial reph

fperm Sy GUY

unt
1

Xperml.de itsi n7 rlis iy
I 6 8 36l 12 123 127134 IzzyXperm 4 2 I 0

O



Xperm Xperm 444 16 2.2 81.1 3
1 6 o

2 ftp
So Xperm two irreducible

ropn's

Xperm X 1

So Xperm X T Xz

I 6 8
36l 12 123 127134 IzzyX l l l l

l
Xt 3 I O l l
Experin X

det Ppa sign of r we get xz
I 6 8 36l 12 123 127134 IzzyX3 I I l l l



XyXz I O l 1

I 6 8
36l 12 123 127134 124X l l l l

l
Xt 3 I O l I

S

Xy

Xi dy a b c d

second orthogen nal relations

Cds7412 134145 24 7 b L

I I 13 It l l 1 3 C y 1 a d so

a O b I c 2 d O



her p 491 191 7164 Homework
ex

we can read out normal subgroups of Sy
from the table

her X Sy

bark 411
132 1437 1422her Xyz G y 123 1134 124
234 243

11444 11311241
143123

Ay
turxy HM
turX tell l 41 1141147,113112424



Actually all the normal
subgroups arises

this way

Any N a normal subgroup of G can be

written as µ ber X for some
character X

This will be proved afkn
reg pin



Permutation representation

Ex Sn Gun is induced by

Sn operation on En

r Ei loci

More generally we consider

G operation on a set s

with 151 In

G is s

then G 4Bijections S 2 SY Sn

So we get a rep'n

G Sn Gun
Another interpretation More intrinsic



Qs In vector space with elements

2 Ai Si ai EE Si E S
i 4

formal linear combinations

ES has basis s Sn

G operates on as linearly by

g aisi Fai g sic it

so we have a G repi Es p

Pnp Xp g 1st Sfg's s

Pf The same as the midterm question



regular rep'n

C operates on G itself by

g h g h

The induced G rep GG is

called regular mph Prog

Prep Xregly 41Gt
if g e

0 if gte

Pf 1h19 hhy

y
G if g e

4 if gte



Con Lef f fr be all the

irreducible mph's

Prey Yi pi
ni dim f

Pf CXreg pi ftp.gEgxagl91xilg

Tiki medim fi

Rmh her pug Sey

Pt g h h th then

g e



Assume It is a normal subgroup of G

GIH is the quotient guys

f GIH 7 GUV

induces G 7 Gl H 7 GL v2

Pnp H N her ti
fi irreducible
rep'n of GH l

or He n kerfi
Ifknpi
fi irreducible
rap'h of G

Pf H c ker pi so He he pi



Aken pi letty
fi irreducible rephs
of 6111
So n ke fi H

commutator group G G G

Refn G h H

H normal subgroup of G
H o Tg h f g HE G

1g D ghg hi
Poop G G is commutative

Pnp If H normal subgroup and Gf
is commutative then I I 3 G G

7hm HW G's n kerxi
dimXi I



dual tensor product Hon

Defa Home l V G

f fi v sa f f limary
V't has a G rep'n structure by

1g f Cvs ffg t u

In terms of matrix rep'n Let

Bix en be basis of V

B I felt en't be dual basis of v't

defined by e Cej7 g
I Ej
o it

Then RB g fc2scg.pt

Tfvisandeinhornamau
basis then 4431951 RBIGT.se Xv tg7gTT



Tensor product V W are G mph's

W has a G Mph structure

by g in w gm yw

Ex V ha basis Sh h vz II
w has basis 4h Way E

V w has basis

V Wi V WL th Wi K Wz V W

vi Oxwsy D

Ag iv miss in ai
p

Azt 932933

glm.vn in.ms L B



mng.is
µ

an B 9321393313
HP
X wig Xvig Xwig

The product of two characters is

still a character but usually not
irreducible if V w are both irreducible

Important to know how to decompose

W into irreducible repn's

esch Gorden coefficients in quantum

mechanism



Hom V W s ryan

Defa HomelV W F V i w linear

transformations

1g f us gF Ig Iv

Pnp Home.lv W E V w

as G Upn's

Pf V W Homan w

f w t

ft b t f'T w



sohurytemma.DE
h G invariant linear transformations

or G iompatible

Home V W f Fi V i w linear trans

f Ign g ftp.V gtfly

g.YuFIYg 7hediynamcomma

v

swProp

F E HomGIV W

her f is b invariant subspace

Imf is G invariant subspace

check this from definition



Schun's lemma V W irreducible

Home IV W o if VFW

Home IV V EE

i e if FE Hindu V

f is scalar multiplication

f IV C V for some CEE

Pf If F C Home.lv w

her F 10 or V

If her f V then F o

f ke f toy then V ow

1mF f Soy so 1mF W

F V w



Let Fe Home v.v

F has eigenvalue c

eigenspaeker F CID is h invariant and fog

so her F CID V

So f v c v

Application Center of h from

character table

Petr 7 G Ig C G gh hey theay

Defn Zx I gthlxcgf xiesy

fgfffgc.in
from Hw ate't



prop 7 G A 7 X
X irreducible

Pf c tf g C 7 IG pirnd.r.pe

pig plhj p.ch ply th GG

So plop C Home IV v

so
pig C Id Schur

g E tx

y if GE Atx

p ghgh D ftp.plhlplg pchg i

lcId plh CEtd plhj
Id

So ghg h C turf for all pinned
so ghg tie a



Proof of orthogonal relations

Defn V G repin The invariant space

is Inn V fu c VI g v v
tgEGY

lemma
rigs Tygeaximani

Fu
dim luau

dim Inn IV

Pf 2 2 pigs
9fG

Then Z f h Z for all hts
and pth 7 7

l



I
7 pch I fly plh9CG

2 PGH 7
9tG

so I z

7 has two liganspaces

d l V

X O Vo

V Vi V because

v Ltd 7 ist tu

b w

Vo Vi

aim V lnvc.lv



C If u C V 2 us _v

then g v p Hiv
2 Iv V

o if g r v t g th

then fly V

So
2,4mg

_taut

dim V

dim thrall

Fact Inu Homem.ws

Home IV W



Pf Plug in the defa of
G repin structure on

Home V W

Pf of orthogonal relation

compute it Home.ir.ws'D

I Xu oxwlg

yi
T

Umma dim Hm c iv w



m y

If V W irreducible
Ty

O V W

I V I W


